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Abstract

We report a Lean 4 kernel-checked determination of the 3-color van der Waerden num-
ber: W (3, 3) = 27. The value is classical (Chvátal, 1970); the contribution is the certi�cate
and its form. Both directions are machine-checked from �rst principles on a 2-core machine:
an existence theorem exhibiting an explicit 3-coloring of [1..26] with no monochromatic
3-term arithmetic progression, and a refutation theorem showing no such coloring of [1..27]
exists, compiled from a single 382,964-step derivation in an 18-rule �nite-domain calculus
that covers the entire 21,048-node search � no clause learning, no symmetry breaking,
and no trusted solver anywhere in the chain. The derivation is independently re-veri�ed
from its serialized bytes by two disjoint checkers (Python; zero-dependency Rust) and then
compiled to 336 Lean shard modules plus a master theorem, in which every derivation step
is re-proved by Lean from exactly its cited premises. A �nal, mechanically bridged theo-
rem combines both directions over coloring functions, reducing the human audit surface
from 534 enumerated axioms to two three-line de�nitions and one biconditional: for all
n, every 3-coloring of [1..n] contains a monochromatic 3-term AP i� n ≥ 27. To the best
of a documented literature search, no proof-assistant-checked determination of any 3-color
van der Waerden number existed previously; the closest work veri�es 2-color instances by
re�ective checking of solver logs. All artifacts ship with SHA-256 hashes; nothing in this
paper depends on trusting the search that produced the certi�cate.
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1 Introduction

Van der Waerden's theorem guarantees that for any r, k there is a least n = W (r, k) such that
every r-coloring of {1, . . . , n} contains a monochromatic k-term arithmetic progression [1]. The
small values have been computed for decades � W (3, 3) = 27 by Chvátal [2], later instances
by SAT methods [3, 4] � but computation and certi�cation are di�erent things. The largest
computed value, W (2, 6) = 1132, rests on a six-month FPGA-assisted search that produced
no checkable proof object at all [4]. Modern SAT practice narrows this gap with DRAT proofs
checked by independent tools [5, 6], and very recently PBLean [8] imported VeriPB pseudo-
Boolean certi�cates [7] into Lean 4 by re�ection, reporting semantic veri�cation of the 2-color
instances W (2, 3) = 9 and W (2, 4) = 35 among other small benchmarks.

This paper closes the analogous gap for the �rst 3-color instance, with a certi�cate of a
deliberately di�erent kind. Rather than checking a solver's log, the entire search is the proof:
every inference the solver makes is a step in a �xed 18-rule calculus whose conclusions are
computed by a kernel, the completed derivation is re-checked from bytes by two independent
implementations, and Lean re-proves every step as its own lemma from exactly the premises
the step cited. The result is, to the best of a documented search (Sec. 5), the �rst proof-
assistant-checked determination of W (3, 3) � stated �nally as one biconditional over coloring
functions whose audit surface is two short de�nitions.

Everything here is tagged by evidence class: [L] Lean-kernel-checked artifact, [T] adver-
sarially tested property, [M] measured quantity, [D] reviewed design. The companion systems
report [10] describes the general machinery; this paper is self-contained about the mathematics
and the certi�cation chain.

2 The Result

De�nition 2.1. For n ∈ Z and c : Z → Z:

IsColoring n c := ∀i, 1 ≤ i ≤ n → c i ∈ {0, 1, 2},

APfreen c := ∀a d, 1 ≤ a → 1 ≤ d → a+ 2d ≤ n → ¬
(
c a = c (a+d) ∧ c (a+d) = c (a+2d)

)
.

Theorem 2.2 (Lean-checked; vdw_three_three). [L]
(
∃c, IsColoring 26 c ∧ APfree 26 c

)
∧(

∀c, IsColoring 27 c → ¬APfree 27 c
)
.

Theorem 2.3 (Lean-checked; vdw33_characterization). [L] For every n ∈ Z:
(
∀c, IsColoring n c →

¬APfreen c
)

↔ 27 ≤ n.

Theorem 2.3 is W (3, 3) = 27 in one line. The witness for the left-to-right failure below 27
is the explicit coloring of [1..26]

0 0 1 1 0 0 1 2 1 2 2 0 2 0 0 1 0 1 1 2 0 2 2 1 2 1,

realized in Lean as a decidable function and checked pointwise on all 156 progressions by
decide. The Lean development is core toolchain only (Lean 4.10.0): no mathlib, no sorry,
no axiom declarations (scanned mechanically across all 339 �les) [T].
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3 The Certi�cation Chain

3.1 Encoding

Variables x1, . . . , xn with domain {0, 1, 2}; for each 3-term AP (a, a+d, a+2d) ⊆ [1..n] and each
color j, one clause �some position of this AP avoids j,� i.e. a disjunction of domain-literals.
For n=27: 27 domain axioms and 507 clauses (169 APs × 3 colors); for n=26: 468 clauses.
The encoder is ∼30 lines of Python [D]; its �delity is ultimately discharged not by inspection
of 534 printed axioms but by the bridge of Sec. 3.5, which re-derives every axiom from the two
quanti�ed de�nitions above.

3.2 Search that emits its own proof

The vcot engine [10] is a certi�ed-propagation solver: unit propagation and con�icts on clauses
are single kernel steps (rules or_unit/or_conflict, added for this problem class), and
case splitting is split/or_elim with every dead branch ending in a derived ⊥. Refuting
n=27 explored 21,048 nodes and emitted 382,964 steps [M]; the two clause rules cut the
certi�cate 4.4× from an initial 1,674,389 steps. Deliberately absent: clause learning, symmetry
breaking, restarts � the certi�cate covers the full tree, so its soundness owes nothing to solver
sophistication. (A modern CDCL solver decides this instance in well under a second without

a kernel-checkable trail of this form; the trade is explicit and discussed in Sec. 6.)

3.3 Independent re-checking from bytes

The serialized certi�cate (30MB JSON; step conclusions are not representable in the format and
are recomputed by every checker) is veri�ed by the Python checker (9 s) and by vcot-check� a
zero-dependency Rust veri�er with a private-constructor theorem type, forbid(unsafe_code),
and its own strict JSON parser � in 2.1 s at 183k steps/s [M]. The two checkers share no code
and are held to exact-agreement di�erential fuzzing (2,197/2,197 �les) in the companion report
[T].

3.4 Sharded compilation to Lean

A 383k-step derivation does not elaborate as one Lean �le. The sharded compiler hoists large
or_elim branch subtrees into standalone modules � each proving (variables) (needed outer

facts) (branch hypothesis) ⊢ ⊥ with the same one-lemma-per-step discipline � yielding 336
shard modules (chunk ≈ 1,500 steps) plus a master that imports them and discharges hoisted
case arms by lemma application. Every shard and the master were accepted by Lean: 12,076 s
wall for the shards on 2 cores under a dependency-ordered, resumable builder, 57 s for the
master [L][M]. Sharding is a rendering of the one checked proof object, not a new trust
boundary: Lean type-checks the composition, including that each shard's hypotheses match
the facts in scope at its call site.

3.5 The combined theorem: shrinking the audit surface

The master theorem speaks about 27 integer variables under 534 hypotheses � faithful, but
auditable only by reading the hypotheses. Vdw33Combined.lean closes this gap mechanically:
it derives each of the 534 hypotheses from IsColoring/APfree instances (507 omega obligations
with type-ascribed index normalization; 27 direct instantiations), obtains the function-level
upper bound, proves the witness function's 156 AP-freeness facts by decide plus a generated
integer case tree, adds two-line monotonicity lemmas, and concludes Theorems 2.2 and 2.3.
Lean checks the whole bridge in ∼3.7 min [L]. After this step, trusting the result requires
reading exactly: the two de�nitions, the two theorem statements, and the Lean kernel.
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4 Numbers and Hashes

search nodes (refutation, full tree) 21,048
kernel steps in certi�cate 382,964
certi�cate size (JSON) 30MB
Python / Rust checker 9 s / 2.1 s, both ⊢ ⊥
Lean shard modules / total �les 336 / 339
shard build (2 cores, resumable) 12,076 s
master vdw_3_3_upper accepted, 57 s
witness vdw_3_3_lower accepted, 17.4 s
combined Vdw33Combined accepted, ∼222 s
sorry/axiom scan clean
toolchain Lean 4.10.0 core; CPython 3.11.15; rustc 1.95.0

SHA-256 of the frozen artifacts (the proof object is the canonical anchor; .lean bytes pin
this speci�c compiled rendering):

c86cc8c8d24484f3a06baa47d5458d9a17a9a7098e090f11354eb49ec2e694b1 vdw_3_3_27.proof.json

c38782fab8f421e034206775b6345b123e09259ab0b0f1103efb091fc82f0b9d Vdw33Main.lean

aa057d92bdf00caf83b0f5a5fd4c1103d448ad4339f64058c88de9e0e60b29f7 Vdw33Lower.lean

f99a3f7d82c762602e8f1e604bf3ac1d62ea355d22aefb306e11984b01b19edb Vdw33Combined.lean

6a7097b59cde7139cb88f27c4676bbdca33160cd628cab383e1c7ae272b5ffd0 vdw33_certificates_v2.zip

5 Related Work and Novelty Claim

W (3, 3) = 27 is due to Chvátal [2]; SAT-based computation of van der Waerden numbers
begins with Drans�eld et al. [3] and culminates in the uncerti�ed W (2, 6) = 1132 [4]. Certi�ed
solving via DRAT [5] reached mechanized-checker scale with Schur Number Five [6]; VeriPB
extends proof logging to CP-style reasoning [7]; PBLean [8] lands such certi�cates in Lean 4
by re�ection, covering (per its evaluation tables) W (2, 3), W (2, 4), small Schur, Ramsey and
Langford instances with semantic statements. Our search of this literature and general queries
for formal veri�cation of speci�c van der Waerden numbers found no proof-assistant-checked
3-color instance; the claim is phrased exactly so � not aware of prior work, search documented

in the artifact package � and not as a proven negative. Methodologically the certi�cate
di�ers from the re�ective-checker line: it is a structural derivation whose every step Lean re-
proves from its cited premises, i.e. the proof object is the reasoning itself rather than a veri�ed
verdict about a solver run. We claim this as a di�erence of artifact type and auditability, not
superiority; re�ective checking scales further (Sec. 6).

6 Limitations and Threats to Validity

Not new mathematics. The value has been known for 56 years; the contribution is certi-
�cation. Scale. The whole-tree-as-proof design pays for auditability with size: 3.4 h of Lean
checking for an instance CDCL dispatches in milliseconds, and a feasibility probe puts the anal-
ogous S(4) = 44 certi�cate beyond our current single-�le or sharded Lean budget (checker-tier
only). This approach does not compete with DRAT/VeriPB pipelines at scale; it occupies
the small-instance, maximal-audit corner. Schema trust. The 18 rule schemas are human-
reviewed and adversarially tested, not themselves formalized; every instance in this certi�cate
is Lean-re-proved, so schema error cannot have produced a false theorem here, but schema-level
formalization remains the right next step. Bridge generation. The combined theorem's 534
discharge obligations are generated by 200 lines of Python; a bug there makes Lean reject,
not wrongly accept (fail-closed), and the �nal statements are hand-readable. Environment.
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Single 2-core machine, single successful build (plus one OOM-killed and one suspension-killed
attempt, both recorded in the artifact log); timings are indicative only. Non-canonical shard
bytes. Recompiling the same proof object reproduces the .lean �les today, but compiler evo-
lution would change their hashes while proving the same statements; the proof-object hash is
the stable anchor.

7 Reproduction

From the vcot repository (artifact package vdw33_certificates_v2.zip):

# re-solve and re-emit the certificate (engine, ~5 min)

PYTHONPATH=src python3 -c "from vcot.ramsey_problems import vdw; \

from vcot.engine import solve; print(solve(vdw(3,3,27)).verdict)"

# re-check the shipped certificate from bytes

./rust/target/release/vcot-check artifacts/vdw33/vdw_3_3_27.proof.json

PYTHONPATH=src python3 -m vcot check artifacts/vdw33/vdw_3_3_27.proof.json

# rebuild + re-check all Lean modules (resumable; ~3.4 h on 2 cores)

python3 scripts/build_shards.py artifacts/vdw33/lean_pkg --jobs 2

# the combined axiomatic theorem

python3 scripts/gen_combined.py

LEAN_PATH=artifacts/vdw33/lean_pkg lean artifacts/vdw33/lean_pkg/Vdw33Combined.lean
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